It is usually assumed that charge carriers in crystals have
Introduction
The simplest model of electrical transport in condensed matter, the Drude model, is at the heart of our understanding of conduction properties of metals and semi-conductors. In this model charge carriers are viewed as classical particles with a mass m and charge e. They are scattered by defects and propagate ballistically between scattering events, separated by a characteristic time "τ ".
This model of conduction is justified by the Bloch-Boltzmann theory and the semi-classical description of a carrier wave-packet propagating at a velocity V = (1/h)∂E n (k)/∂k, where "E n (k)" is the dispersion relation for band n. The characteristic extension of the wave-packet is the size of the unit cell L. This semi-classical description is valid if the extension of the wavepacket is smaller than the distance V τ of traveling between two scattering events i.e. V τ > L.
Here we consider the small velocity regime such that V τ < L. In this regime, the semi-classical description breaks down and a fully quantum analysis is required. We first report on a quantum formalism that allows us to treat on the same footing the standard metallic regime V τ > L and the small velocity regime. The formalism shows that an insulating like behavior can appear in the small velocity regime. As an example we consider specifically a complex metallic alloy: the α-AlMnSi phase. Ab-initio band structure calculations show that this system is in the small velocity regime even if disorder is relatively weak, τ ∼ a few 10 −14 s, a value consistent with experiments. The α-AlMnSi phase is structurally related to the icosahedral quasicrystalline phase AlMnSi and shares many similar conduction properties with other icosahedral phases such as AlCuFe and AlPdMn and their crystalline approximants [1] [2] [3] [4] [5] ]. We thus believe that the present work is relevant for these systems too and gives a strong insight in the so far unexplained properties of this class of materials.
Formalism
Let us first define a measure of the quantum diffusion. For a system with independent electrons in a time independent Hamiltonian, the quantum diffusion of states at energy E (usually the Fermi energy) wavefunctions can be defined as the square of the spreading of
X(t) is the Heisenberg representation of the position of the electron along a chosen axis "x".
The quantum diffusion is intimately related to conductivity σ through the Einstein relation σ =
, where e is the electronic charge, n(E F ), the density of states at the Fermi energy E F and D(E F ), the diffusivity which is given by
The quantum diffusion ∆X 2 (E, t) can be computed trough the velocity correlation C(E, t),
C(E, t) measures the correlation between the velocities at time T and T + t and is independent of T . It can be shown that [6] 
which allows us to compute ∆X 2 (E, t) in terms of the velocity correlation function C(E, t)
with the initial condition ∆X 2 (E, t = 0) = 0. C(E, t) is given by C(E, t) = C(n k, t) E where E means an average over all eigenstates |n k with energy E n equal to E.
Thus the velocity correlation function in a crystal is the sum of two terms, the first one (diagonal elements) being time independent. So in the perfect crystal, ∆X 2 (E, t), which is linearly related to C(E, t) (see above) is the sum of two terms
The first term is the ballistic contribution where "V 2 " is the average of V A simple theory of conduction can be done starting from the Einstein formula, σ = e 2 n(E F )D(E F ), assuming that the disorder affects the diffusivity D and not the density of states n. Within a relaxation time approximation a scattering time τ can be defined. At a time scale t < τ the propagation is that of the perfect crystal while at t > τ the propagation is diffusive. This is expressed by the condition on velocity correlation function [6] 
where C(E, t) is the velocity correlation function of the perfect crystal and C ′ (E, t) is that of the system with defects. This leads to the expression of the diffusivity D = D(E F ) and of the conductivity σ :
Thus the diffusivity and the conductivity have two parts. The first one is the usual BlochBoltzmann result and the second one is due to the non Boltzmann contribution. L 2 (τ ) is an average of ∆X 2 (E, τ ) on the time scale τ . It can be shown that L(τ ) increases with τ and saturates at large time at a value bounded by the unit cell length L. Again the second term is important if τ < L/V . The second term is exactly analogous to the expression of the conductivity in the Thouless regime of Anderson insulators [7, 8] . Indeed in the Thouless regime the wavefunction spreads between two inelastic scattering events but the spreading saturates to the localization length. Here the equivalent localization length is the limit at large time of L(t)
which is bounded by the unit cell size L.
Ab-initio calculation: Application to complex metallic alloys
The LMTO DOS of an α-AlMn idealized approximant has been first calculated by T. Fujiwara We use the experimental atomic structure [22] and the Si positions proposed by E. S. Zijlstra and S. K. Bose [23] , to calculate transport properties in an α-phase with composition:
α-Al 69.6 Si 13.0 Mn 17.4 . This phases contains 138 atoms in a cubic unit cell: 96 Al atoms, 18 Si atoms, and 24 Mn atoms (see [23] ). Two empty spheres per unit cell are introduced in the calculation. They correspond to empty center of MacKay atomic cluster. In figure 1 , the total DOS n, the dc conductivity σ and the diffusivity D in α-Al 69. independent on E, whereas the D B values depend strongly on E and is particularly small in the pseudo-gap. Therefore, the new physical phenomenon explained here does not depend on the exact position of E F which varies with compositions of actual phases.
Starting from the computed eigenstates, we use equations (4) and (3) to compute the velocity correlation function without disorder, C(E F , t), and the square of the spreading, ∆X 2 (E F , t) (see Appendix A). As shown in figure 2 , the non Boltzmann term ∆X The figure 3 shows the predicted static conductivity (dc conductivity) versus the inverse scattering time. The Boltzmann regime at large scattering time τ > τ * and the non Boltzmann insulating like regime at small scattering time τ < τ * appear clearly. In the non Boltzmann regime the conductivity increases with disorder as observed experimentally. Furthermore for τ ∼ a few 10 −14 s, the mean free path is given by the saturation value of ∆X 2 NB (E F , t) and is of the order of 15Å. This is in agreement with estimates in the literature [14] . As discussed in [6] this means also that the systems is far from the Anderson transition despite its low conductivity.
Finally, one sees also that the method provides realistic values of the conductivity for standard metals like Al (f.c.c) and Al 6 Mn.
Within the relaxation time approximation used here, the optical conductivity is also the sum of two terms. One is the Boltzmann contribution (diagonal elements of the velocity operator)
which gives rise to the so-called Drude peak and the other is the non Boltzmann conductivity (off diagonal elements of the velocity operator). As shown in figure 4 , the main point is that in the Boltzmann regime, τ > τ * , a Drude peak can be identified; whereas in the non Boltzmann regime, τ < τ * , the Drude peak disappears. This absence of the Drude peak is experimentally demonstrated for several icosahedral phases [15, 16] .
Conclusion
A regime of charge carriers with small velocities has been identified, where quantum effects play a fundamental role and lead to a transition, as a function of scattering rate, from a metallic like behavior to an insulating like behavior. Quasicrystals and related complex metallic alloys
give an example of this insulating like regime, but many other examples are known where the charge carrier velocity is small either in all directions or in specific directions. For interacting electrons, a similar regime should also exist provided that the mean free path is smaller than a characteristic extension of the quasiparticle wavefunction, which means that the Fermi liquid picture breaks down. Several interacting electrons systems are good candidates for this small velocity regime. Recent results suggest this picture for a system like CeB 6 which is a heavy Fermion system with large mass and thus small velocity. At low temperature T the Fermi liquid description is valid but at higher temperature (T > T * ) an incoherent insulating like regime is reached in which the resistivity decreases with increasing temperature. Within a Dynamical
Mean Field Theory calculation [17] a disappearance of the Drude peak in the incoherent regime i.e. above T * is predicted [18] . Recent theoretical results for the small polaron problem, with narrow polaronic band and thus small velocity, have been obtained also with the Dynamical Mean Field Theory. They exhibit an analogous behavior [19] . The static resistivity (dc resistivity) increases with increasing temperature up to some T 0 and then decreases. Again in the incoherent regime above T 0 the Drude peak disappears [20] . A theoretical analysis according to the discussion given here can be made also in the Dynamical Mean Field Theory. It should give an additional insight in the quantum transport of correlated charge carriers with small velocities.
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The coworkers [12] . In the Atomic Sphere Approximation (ASA) space is divided into atomic spheres and interstitial region where the potential is respectively spherically symmetric and flat.
Sphere radii have been chosen so that the total volume of spheres equals that of the solid. In the so-called TB-LMTO, the Hamiltonian can have the Tight-Binding (TB) form with in an orthogonal basis set χ Rν . ν is the orbital index and χ Rν has its head located at atomic site R. Due to the periodicity of the studied phases, one can applied the Bloch theorem. The Hamiltonian is diagonalized in the k-space for each k point of the first Brillouin zone. These eigenstates |n k are expressed on the basis of the Bloch states,
obtained from the real space orbital χ ( T + s)ν located at site s of the unit cell T . N is the total number of cells, introduced here for normalization. In the present calculation the TB-LMTO basis includes all angular moments up to l = 2 and the valence states are Al (3s, 3p, 3d), Mn (4s, 4p, 3d).
The central quantity in our study is the velocity correlation function C(E, t) defined by:
where E means an average over all eigenstates |n k with energy E. ReA is the real part of A, and V x (t) is the Heisenberg representation of the velocity operator along x direction at time t. In the basis of the self-consistent TB-LMTO eigenstates |n k , C(E, t) is written
By using the closure properties of the eigenstates one obtains easily:
where the sum runs over all the eigenstates |m k with the same vector k as in |n k . In (12) the terms n = m are the Boltzmann contribution to the velocity correlation function:
which does not depend on the time t. To compute the products V n,m = n k|V x |m k , the matrix elements of the velocity operator, V x = [X, H]/(ih), is determined in the TB-LMTO basis set |χ tν ( k) by a numerical derivation:
where x s is the coordinate of s along x direction. Because of the Bloch theorem, different kpoints are not coupled in the Hamiltonian nor in the velocity operator. Equation (14) is obtained by assuming that the operator X is diagonal in the real space TB-LMTO basis set χ Rν . This approximation is standard, but it introduces a some small error in the numerical values of V n,m due to the spatial expansion of χ Rν orbital.
The square of the spreading ∆X 2 (E, t) is determined directly from two integrations of equation (12):
with
It is assumed that disorder and temperature affects the diffusivity D and not the density of states n. Within a relaxation time approximation, a scattering time τ , is defined. τ includes the effect of static disorder and temperature dependent scattering by phonons. When disorder and/or temperature increase τ decreases. The velocity correlation function in a phase with disorder and/or temperature is written [6] :
The diffusivity with disorder and/or temperature is thus
At sufficiently small pulsation ω the conductivity is
and the diffusivity D(E F , ω) at ω is given by a Laplace transformation of the velocity correlation function:
This relaxation time approximation is valid for small ω, in particular it is applicable for the analysis of the Drude peak [6] .
We compute C, ∆X 2 , D and σ from equations (12), (17), (23) , and (18), respectively. The average E on states of energy E is obtained by taking the eigenstates of each k vector with
an energy E n such as:
zone included in this average calculation is N k . For a given ∆E F , N k is increased until C(E, t)
does not depend significantly on N k . Therefore, there is not adjustable parameter in our calcu- respectively. [21] . In orthorhombic Al 6 Mn crystal, the model predicts also a Boltzmann behavior as expected experimentally [11] . Ab-initio optical conductivity σ(ω) in cubic approximant α-Al 69.6 Si 13.0 Mn 17.4 for three τ values. ω is the pulsation. For τ = 3τ * , the non Boltzmann conductivity σ NB is smaller than Lorentzian of the Boltzmann conductivity σ B , σ B (ω) = σ B (0)/(1 + ω 2 τ 2 ). For τ = τ * = 3.07 × 10 −14 s, σ NB (0) = σ B (0). For τ = τ * /3, the non Boltzmann conductivity σ NB (ω) dominates. Therefore for realistic τ values in quasicrystals and approximants (τ < τ * [14] ), the Drude peak is not predicted by the model as found experimentally in AlCuFe icosahedral phase.
